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Abstract 

We prove that if M is a three-manifold with scalar curvature greater 
than or equal to -2 and E C M is a two-sided compact embedded Rie- 
mann surface of genus greater than 1 which is locally area-minimizing, 
then the area of E is greater than or equal to in(g (E) — 1), where <?(E) 
denotes the genus of E. In the equality case, we prove that the induced 
metric on E has constant Gauss curvature equal to -1 and locally M 
splits along E. As a corollary, we obtain a rigidity result for cylinders 
(/ x E, dt 2 + 5s), where / = [a, b] C R and gy, is a Riemannian metric 
on E with constant Gauss curvature equal to -1. 

1 Introduction 

It is an interesting fact in differential geometry that if M is a three-manifold 
with lower bounded scalar curvature then the existence of an area-minimizing 
surface can influence the geometry of M. 

For instance, it was shown by R. Schoen and S. T. Yau [25] that if M 
is a compact orientable three-manifold with nonnegative scalar curvature 
and E C M is an incompressible two-torus (i.e., the fundamental group of 
E injects into that of M), then M is flat. To prove that result, they first 
show that any such manifold contains a stable minimal two-torus. Next, 
they observe, using the second variation formula of area, that if M has 
positive scalar curvature, then every compact stable minimal surface in M 
is a two-sphere. The result follows because if M admits a non-flat metric of 
nonnegative scalar curvature, then M also admits a metric of positive scalar 
curvature (see [T7]). 

In |12j . D. Fischer-Colbrie and R. Schoen conjectured that in the Schoen 
and Yau's result above it is sufficient that M contains an area-minimizing 
two-torus (not necessarily incompressible). This conjecture was proved in 
[8], by M. Cai and G. Galloway. They proved that if M has nonnegative 
scalar curvature and E C M is a two-sided embedded two-torus which is 
area-minimizing in its isotopy class, then M is flat. This result is obtained 
as a corollary of the following local statement. 
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Theorem 1 (M. Cai, G. Galloway). Let (M,g) be a three-manifold with 
nonnegative scalar curvature. If X is a two-sided embedded two-torus in M 
which is locally area-minimizing, then M is flat in a neighborhood o/X. 

It follows that the induced metric on X is flat and that locally M splits 
along X. The proof of Theorem [1] uses an argument based on a local defor- 
mation around X to obtain a metric with positive scalar curvature. 

Recently, H. Bray, S. Brendle and A. Neves studied in [3] the case where 
M has scalar curvature greater than or equal to 2 and X C M is a locally 
area-minimizing embedded two-sphere. In their case, the model is the Rie- 
mannian manifold (M x S 2 ,dt 2 + g), where g is the standard metric on S 2 
with constant Gauss curvature equal to 1. They proved the following result. 

Theorem 2 (H.Bray, S. Brendle, A. Neves). Let (M,g) be a three-manifold 
with scalar curvature R g ^ 2. If 'X is an embedded two- sphere which is locally 
area-minimizing, then X has area less than or equal to 4ir. Moreover, if 
equality holds, then X with the induced metric has constant Gauss curvature 
equal to 1 and locally M splits along X. 

The proof in [3] is based on a construction of a one-parameter family 
of constant mean curvature two-spheres. A global result was also obtained 
using the local one above. More precisely, it was proved that if X is area- 
minimizing in its homotopy class and has area equal to 4ir, then the universal 
cover of M is isometric to (IxS 2 , dt 2 + g). A similar rigidity result for area- 
minimizing projective planes was obtained in [3J. 

A natural question is to know what happens when the model is the 
Riemannian product manifold (R x X,<ii 2 + gs), where X is a Riemann 
surface of genus greater than 1 and gs is a Riemannian metric on X with 
constant Gauss curvature equal to -1. 

In the present paper, we prove that the analogous result is true in this 
case. The first theorem of this paper is stated below. 

Theorem 3. Let (M 3 ,g) be a Riemannian manifold with R g Si —2, where 
R g denotes the scalar curvature of M. If X 2 C M is a two-sided compact em- 
bedded Riemann surface of genus <?(X) ^ 2 which is locally area-minimizing, 
then 



where |XL is the area of X with respect to the induced metric. More- 
over, if the equality holds, then X has a neighborhood which is isometric to 
((— e, e) x X, dt 2 + gs), where e > and g% is the induced metric on X which 
has constant Gauss curvature equal to -1. More precisely, the isometry is 
given by f(t, x) = exp x (tv(x)), {t,x) € (— e,e)xX, where vis the unit normal 
vector field to X. 




(1) 
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We note that a related rigidity result for constant mean curvature sur- 
faces of genus 1 was obtained in [I] . We also refer the reader to the excellent 
surveys [13] and [5] on rigidity problems associated to scalar curvature. 

Let us give an idea of the proof of Theorem [3j The inequality ([I]) follows 
from the second variation of area using the Gauss equation, the lower bound 
of the scalar curvature and the Gauss-Bonnet theorem. In the equality case, 
we construct, using the implicit function theorem, a one-parameter family 
of constant mean curvature surfaces, denoted by Sj, with So = S and all 
having the same genus. The next argument in the proof is the fundamental 
one. Arguing by contradiction and using the solution of the Yamabe problem 
for compact manifolds with boundary and the Hopf's maximum principle, 
we are able to conclude that each has the same area. Finally, we obtain 
from this that E has a neighborhood isometric to ((— e,e) x X,di 2 + g-%). 

If we suppose that £ minimizes area in its homotopy class, then we 
obtain global rigidity using a standard continuation argument contained in 

mi- 

Corollary 1. Let (M 3 ,g) be a complete Riemannian three-manifold with 
R g ^ —2. Moreover, suposse that £ C M is a two-sided compact embedded 
Riemann surface of genus g(T,) ^ 2 which minimizes area in its homo- 
topy class. Then \T,\ g satisfies the inequality (0) and if equality holds, then 
(R x S, dt 2 +gs) is an isometric covering of(M 3 ,g), where g^ is the induced 
metric on £ which has constant Gauss curvature equal to -1. The covering 
is given by f(t,x) = exp x (ti'(x)), (t,x) £lxS, where v is the unit normal 
vector to S. 

In recent years, several results concerning the problem of recognizing 
the geometry of a compact manifold with boundary provided the geometry 
of the boundary is known and some curvature conditions are satisfied were 
obtained. For example, in |18] . P. Miao observed that the positive mass 
theorem (see [24} [28] ) implies the following rigidity result for the unit ball 
B n C E n . 

Theorem 4 (P. Miao). Let g be a smooth Riemannian metric on B n with 
nonnegative scalar curvature such that dB n = S 71 ^ 1 with the induced metric 
has mean curvature greater than or equal to n — 1 and is isometric to S' 11 ^ 1 
with the standard metric. Then g is isometric to the standard metric of B n . 

The theorem above was generalized by Y. Shi and L. Tarn in [22]. There 
are some analogous rigidity results for the hyperbolic space (see [19], [2], [9] 
and [27]). A similar rigidity for the hemisphere 5™ was conjectured by M. 
Min-Oo in [20]: 

Min-Oo' s Conjecture. Let g be a smooth metric on the hemisphere <S" 
with scalar curvature R g ^ n(n — 1) such that the induced metric on dS 1 ! 
agrees with the standard metric on 35? and is totally geodesic. Then g is 
isometric to the standard metric on S 1 ?. 
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This conjecture is true for n = 2, in which case it follows by a theorem of 
Toponogov [26] (see also [II]). Recently, counterexamples were constructed 
by S. Brendle, F. C. Marques and A. Neves in [6] for n ^ 3. We refer the 
reader to [14 1 H0 [ fT6] for partial results concerning the Min-Oo's conjecture. 
In [7], a rigidity result for small geodesic balls of S n was proved. 

The next theorem is a rigidity result for cylinders ([a, b] x T,,dt 2 + ffs); 
where £ is a Riemann surface of genus greater than 1 and constant Gauss 
curvature equal to -1. This is the analogue of Miao's result and Min-Oo's 
Conjecture in our setting. 

Recall that a three-manifold is irreducible if every embedded 2-sphere in 
M bounds a 3-ball embedded in M. 

Theorem 5. Let £ be a compact Riemann surface of genus <?(£) 5? 2 and gj] 
a metric on £ with Ky, = — 1- Let (f2 3 ,g) be a compact orientable irreducible 
connected Riemannian three-manifold with boundary satisfying the following 
properties: 

• Rg^ -2. 

• Hg ^ 0.(H g is the mean curvature of dQ and the convention for the 
mean curvature is H g = —H g r], where H is the mean curvature vector 
and r] is the outward normal vector). 

• Some connected component of dtt is incompressible in f2 and with the 
induced metric is isometric to (£,#£). 

Moreover, suppose that does not contain any one-sided compact embedded 
surface. Then (£l,g) is isometric to ([a, b] x T,,dt 2 + g%). 

We note that the similar result for cylinders [a, b] x S 2 , where S 2 is the 
round unit sphere, does not hold. In fact, consider a rotationally symmetric 
metric g = u(t) 4 (di 2 + 352) on M. x S 2 with constant scalar curvature equal 
to 2 such that u(0) > 1 and it'(O) = (see [23]). Choosing a > such that 
u(a) = u(0), we have that the rescaled metric g = u(0) -4 g on [0, a] x S 2 
gives a counterexample. 

The following example justifies the requirement that O does not contain 
any one-sided compact embedded surface. Let (S,^) be a compact non- 
orientable surface with constant Gauss curvature equal to -1. Denote by 
E the orientable double covering of E and by tt the covering map. Now, 
let </£ = 7r*gg and consider (M = [—k,k] x S,j = dt 2 + 52). Take the 
subgroup T = {id, /} C Iso(M, g), where / is defined by f(t, x) = (— t, cj>(x)) 
and <j> € Iso(E,<7s) is the non-trivial deck transformation of tt : E — > E. 
Now, consider the Riemannian manifold (Q,gn), where O = M/T and g^ is 
the quotient metric. Note that £1 is orientable and irreducible, R gn = —2, 
H gn = 0, d£l is incompressible in f2 and with the induced metric is isometric 
to (£,<7e). Finally, observe that dtt has only one component and that the 
image of {0} x E is a one-sided compact embedded surface in Q. 
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2 Proof of the inequality (ED) 

Let v be the unit normal vector field to £. For each function <f> € C°°(£), we 
have, by the second variation formula of area and the fact that £ is locally 
area minimizing, that 

/ (Ric(i/,i/) + \A\ 2 )<j) 2 da ^ [ \Vcp\ 2 da, 
Jt, Js 

where A and da denote the second fundamental form and the area element 
of £, respectively. Choosing (j) = 1, we obtain 

J (Ric(i/,i/) + \A\ 2 )da s$ 0. (2) 

Now, the Gauss equation implies 

Ric(^) = ^-iT s -iL4| 2 , (3) 

where Ky, denotes the Gauss curvature of £. 
Substituting ([3]) in ([2]), we get 



^J^(R g + \A\ 2 )da^ J^da. 



(4) 



By the Gauss-Bonnet theorem and the fact that R g ^ — 2 and \A\ 2 ^ 0, 
we have 

-|£| fl <47r(l-<7(E)). 
Therefore, |E| ff > 4vr( ff (E) - 1). 



3 Equality Case 

Proposition 1. If S attains the equality in |7]j ; then S is totally geodesic. 
Moreover, Ric(i^, v) = and i? 9 = —2 on £ and S /ias constant Gauss 
curvature equal to -1 with the induced metric. 

Proof. If = 47r(g(£) — 1), then it follows from the proof of ([T]) that the 
inequalities ([2]) and (j3|) are in fact equalities. The equality in ([2]) together 
with the stability of £ implies that the constant functions are in the kernel 
of the Jacobi operator L = As + Ric(v, v) + \A\ 2 of S. Therefore, Ric(u, v) + 
\A\ 2 = on E. 
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Now, the equality in dU) implies that R g = —2 and A = on S. Finally, 
by ([3j) , we conclude that E has constant Gauss curvature equal to -1 with 
the induced metric. □ 



The construction in the next proposition is fundamental to conclude the 
rigidity in the Theorem [3l The same construction was used in [1] and [I] to 
prove similar rigidity results. We prove it here for completeness. 

Proposition 2. If E attains the equality in UP, then there exists e > 
and a smooth family Ej C M, t G (— e, e), of compact embedded surfaces 
satisfying: 

• E t = {exp x (w(t, x)v{x)) : x G M}, where w : (— e, e) x E — > R is a 
smooth function such that 

u>(0, x) = 0, -^(0, x) = 1 and / •) -t)da = 0. 



• Ef /ias constant mean curvature for all t G (— e, e). 

Proof. By the previous proposition, we have L = Aj> Fix a 6 (0, 1) and 
consider the Banach spaces X = {u G C 2 '°(E) : f^uda = 0} and y = 
{u € C°' a (E) : fender = 0}. For each real function u defined on E, let 
E u = {exp x (u(x)i , (x)) : x G E}, where v is the unit normal vector field to 
E. 

Choose e > and 5 > such that E u+< is a compact surface of class C 2,a 
for all (i, u) G (-e, e) x B(0, 5), where 5(0, 5) = {u G C 2 ' Q (E) : ||n|| C 2, a(s) < 
5}. Denote by H^ u+t the mean curvature of E u+i . 

Now, consider the application ^ : (— e,e) x i?(0,<5) C X — > Y defined 

by 

«) = H^ u+t - ^- jT H Su+t d(7. 

Notice that #(0,0) = because E = E. 

The next step is to compute D^/(0, 0) • v, for v £ X. We have 

d# 

DV{0,0)-v = — (0,su)U=o 
as 

= Ts( H ^~W\L H * avd ^\ s =° 
1 /• 

= — — — - / Lvda 
\^\ Js 

= -A E u, 

where the last equality follows from the fact that L = As- 
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Since As : X — > Y is a linear isomorphism, we have, by the implicit 
function theorem, that there exist < ei < e and u(t) = u(t, •) G B(0,5) for 
t G (— ei 3 ei) such that 

u(0) = and u(t)) = 0, Vi G (-ei, ei). 

Thus, defining w(t,x) = u(t,x) + t, for (t,x) G (— ei,ei) x £, we have 
that all the surfaces T, t = {exp x (w(t, x)v(x)) : x G £} have constant mean 
curvature. It is easy to see that w(t,x) satisfies all the conditions stated in 
the proposition. □ 

Let v{t) denote the unit normal vector field to £^ such that z/(0) = v. In 
our convention, the mean curvature H{t) of £^ satisfies -ff(i) = —H(t)v(t), 
where H(t) is the mean curvature vector of £$. In this case, we have 

||£ t | 9 = tf(i) J (u(t),^(t,-))da, (5) 

where f(t,x) = exp x (w[t,x) v(t)), x G £. Notice that — (0, x) = k'(x), 

so we can suppose, decreasing e if necessary, that J s (^(i)> "^"(*> 0) ^ * s 
positive for all i G (— e, e). Moreover, we can assume that |£| s ^ |£t|g for 
all t G (— e,e), because £ is locally area-minimizing. 

Before we prove the next proposition, we will recall some facts about 
the Yamabe problem on manifolds with boundary which was first studied 
by J. F. Escobar [llj . Let (M n ,g) be a compact Riemannian manifold with 
boundary DM ^ 0. It is a basic fact that the existence of a metric ~g in 
the conformal class of g having scalar curvature equal to C G R and the 
boundary being a minimal hypersurface is equivalent to the existence of a 
positive smooth function u G C°°(M) satisfying 



" 2 RrjU + n 2 CM (n+2)/(n-2) = Q on M 



A? '" io, n" 



4(n - 1) 

du Tii — 2 
ar/ 2(n — 1) 



(6) 



where r/ is the outward normal vector with respect to the metric g. 

If u is a solution of the equation above, then u is a critical point of the 
following functional 



Qg(<f>) 



R g <P 2 )dv + ^j dM H g ^da 



(Im M 2n/(n ~ 2) <fo) (n_2)/n 



The Sobolev quotient (J(M) is then defined by 

Q(M) = inf{Q 9 (0) : G C\M), ^ 0}. 
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It is a well known fact that Q{M) ^ QiS 7 ?), where S 7 } is the upper 
standard hemisphere, and that if Q(M) < Q(S'I), then there exists a smooth 
minimizer for the functional above. This function turns out to be a positive 
solution of ([6]), with a constant C that has the same sign as Q(M). 

Proposition 3. There exists < e\ < e such that H(t) ^ Vi 6 [0, ei). 

Proof. Suppose, by contradiction, that there exists a sequence €k — > 0, e& > 
0, such that H(ek) > for all A;. Consider (Vk,gk), where Vk = [0,e&] x E 
and is the pullback of the metric g by /|y fe : Vfe — >• M. Therefore, Vk is 
a compact three-manifold with boundary satisfying 



• The mean curvature of dVk with respect to inward normal vector, 
denoted by H gk , is nonnegative. More precisely, dVk = £ U £ efe where 
£ is a minimal surface and £ efc has positive constant mean curvature. 



. |£| Sfe = 4tt(< ? (£) - 1). 

Claim. For sufficiently large, we have Q(Vk) < 0. In particular, this 
implies Q(Vk) < Q(S+). 



Proof. By Proposition [TJ we have fl 9 = -2 on S. Therefore, by continuity, 
we have —2 ^ R gk ^ —1 on Vk for k sufficiently large. Choosing <j) = 1, we 
obtain 



Since — (0,x) = v{x) and the stability operator of £ is equal to As, 

we obtain that ^H(t)\ t =Q = 0. Therefore, we conclude that H(ek) = 0(e|) 

because H(0) = = 0. Moreover, if V{t) = [0,t] x E and & = {f\ V (t))*9, 
we have that 



I Jy fc ^gfc ^fc + \ IdV k H 9k d °k 

VoliVk) 1 / 3 
-lVol(Vk) + \H(e k )\^ k \ gk 



voi(v k y/ 3 



df 



Vol(V(t)) 



Vo\(V(t),g t ) 






h(s, x) ds A da 
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where h is defined by h(s,x) = dv x), Df(s, x) e\, Df(s, x) e^) and 
{ei,e2} C TS is a positive orthonormal basis with respect to the induced 
metric on S. From this, we get 



d_ 

df. 



Vol(V(t))\t=o = J^K0,x)da. 



Since — (0, x) = u(x), we have h(Q, x) = 1. Hence, — Vol(V (t))\ t= o = 
os dt 

From this, we obtain that Vol(Vfc) = efc|£| 9fc + 0(e\). Finally, it is 
easy to see that for k sufficiently large we have Q(Vfc) ^ Qg k {<P) < 0. This 
concludes the proof of the claim. □ 

Choose k sufficiently large such that QiVk) < 0. Thus, we have that 
there exists a positive function u € C°°(Vfe) such that the metric g = u^g^ 
satisfies 

Rg = C < 0, C e R, on Vfc and H w = on dV k . 

After scaling the metric ~g if necessary, we can suppose that C = — 2. 
In analytic terms, this means that u solves 



1 _ 1 

du I 

+ -H gk u = on dV k . 



(7) 



dr] 4 

By ([7]) and the fact that R 9k ^ —2, we have 

A 9fc u + - ^n 5 ^ on Vfc. 
Consider xo € Vfc such that u(xo) = maxtt(x). If xo € Vfc \ dVk, then we 

get 

-u(x ) > -n(x ) 5 . 

Thus, "u(xo) ^ 1. It follows, by the maximum principle, that either u = 1 or 
n < 1. The first possibility does not occur because the mean curvature of 
T,g k with respect to gt is positive and with respect to ~g is equal to zero. It 
follows that u < 1. 

Now, suppose xq G dVk- If u(xq) ^ 1, we obtain, by the Hopf's boundary 

du 

point lemma, that either u is constant or -—(xo) > 0. The first possibil- 

or\ 

ity does not occur by the same argument used in the interior maximum 

du 

case. But, since H 9k ^ 0, ([7]) implies that —(xq) ^ 0. Thus, the second 
possibility is also not possible. Hence, u(xq) < 1. 
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Therefore, we conclude that u(x) < 1 for all x G Vk- From this, we 
obtain that |E|g < |E| gfe = 47r(p(S) — 1). 

Finally, denote by 3(E) the isotopy class of E in Vk- Observe that S is 
incompressible in Moreover, we have that Vk is orientable and irreducible 
and does not contain any one-sided compact embedded surface. Since Hj = 
0, we can directly apply the version for three- manifolds with boundary of the 
Theorem 5.1 in |15j . (see also [21]), to obtain a compact embedded surface 
E G 3(E) such that 

\T,\g= inf 

SG3(S) 

Therefore, |E|^ ^ |E|^ < 4ir(g(T,) — 1). But this is a contradiction with 
(H|), since we have proven, by using the lower bound Rg ^ —2 and the second 
variation of area, that we must have |E|g ^ 47r(g(T,) — 1). This concludes 
the proof of the proposition. □ 

Next, we will conclude the rigidity in the Theorem O Observe that the 
Proposition [3] implies — \T, t \ g ^ for all i E [0,ei). Thus, |E t | 9 ^ |E| 9 for all 

t G [0, ei) and this implies \^t\g = |E| 5 for all t G [0, ei) because E is locally 
area-minimizing. Therefore, by Proposition [H we have that Ej is totally 
geodesic and Ric(i/(i), v{t)) = on T, t for all t G [0, ei). In particular, we 
have that all the surfaces Et are minimal and the stability operator of Et, 
denoted by Lg t , is equal to A^ t . 

Define p(t) = p(t,x) = (v(t, x), — (t, x)). We have 

L^p(t) = -H'(t), 

so Ag t p(t) = 0. Thus, p(t) does not depend on x. 

Since Si is totally geodesic, we have that V ai_v{t) = for all i = 

1,2, where {x\,X2) are local coordinates on E. Moreover, by the fact that 
(iy(t),u(t)) = 1 we have that Va/i/(i) is tangent to E^. Hence, it follows 
that 



= -{"If), Vj£(9//St)> 

= W w 

= 0, 

for all i = 1,2. Hence, Va/z/(t) = 0. This means that, for all x G E, 

at 

i/(i, x) is a parallel vector field along the curve a x : [0, ei) — > M given by 
«x(*) = f(t,x) = exp x (w(t,x)v(x)). 
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Observe that D(exp x ) w u x \ v r x \(v(x)) is also a parallel vector field along 
the curve a x . Thus, v(t, x) = D(exp x ) w u x \ l ,( x \(u(x)) because w(0,x) = 1 

dw 

by Proposition [JJ From this, we conclude that p(t) = -^-(t,x). 
By Proposition [JJ we have 

(w(t, x) — t) da = 0, 

s 



so 



f dw . . . 
J —(t,x)d*=\E\ g . 



dw dw 
Therefore, since -^-(t,x) does not depend on x, we get -^-(t,x) = 1. 

This implies that w(t,x) = t for all (t,x) £ [0, ei) x S because w(0,x) = 
0. Thus, we conclude that f(t,x) = exp x (tu(x)) and, since E 4 are totally 
geodesic, the pullback of g by /|[o, ei )xS i s the product metric dt 2 + where 
g-% is the induced metric on E. 

Arguing similarly for t ^ 0, we obtain the following proposition which is 
the rigidity in Theorem [3l 



Proposition 4. If S attains the equality in then S has a neighborhood 
which is isometric to ((— e,e) x T,,dt 2 + g-£), where e > and g% is the 
induced metric on S which has constant Gauss curvature equal to -1. 



Now, we will prove the Corollary [TJ Suppose E minimizes area in its 
homotopy class and E attains the equality in ([3]). Define / : R x E — > M 
by f(t,x) = exp x (tv(x)), where v is the unit normal vector field to E. 

Proposition 5. / : (R x E,o?t 2 + 5s) — > (M,g) is a local isometry. 



Proof. Consider A = {t > : /|[o,t]x£ i s a local isometry}. By Proposition 
[U this set is nonempty. Moreover, A is closed. Let us prove that A is open. 
Given t € A, consider the immersed surface E t = {exjp x (tv(x)) : x € E} 
with the metric induced by /. We have that E^ is homotopic to E and 
|E(| = |E|. Hence, Ej minimizes area in its homotopy class and attains the 
equality in ([JJ). Therefore, by Proposition HI we conclude that there exists 
e > such that /|[o,t+e]xS is a local isometry. It follows that A is open and 
consequently /|[o,oo)xs is a local isometry. Arguing similarly for t < 0, we 
conclude the proposition. □ 



To conclude the Corollary [JJ (cf. pg 2), observe that the Proposition 
above implies that / : (R x T,,dt 2 + gs) — > (M,g) is a covering map. 
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4 Proof of Theorem [5] 

Let dS^ 1 ) be a connected component of <9f2 which is isometric to (E, g%). 
Consider a = inf{|E| g : E S ^(df^ 1 ))}, where 3(dtt^) is the isotopy class 
of 3(d£l^). By hypothesis, d£l^ is incompressible in 0, H g ^ and is 
orientable and irreducible and does not contain one-sided compact embed- 
ded surfaces. Therefore, we can apply the version for three-manifolds with 
boundary of the Theorem 5.1 in |15j (see also |21j). to obtain a compact 
embedded surface E € 3(<90 (1) ) such that |E[ = a. Note that E € 3(dfl^) 
implies E has genus equal to 5(E). 

Since all connected components of d£l have nonnegative mean curvature, 
it follows from the maximum principle that either E is a boundary compo- 
nent of f2 or E is in the interior of £1. If E is in the interior of 0, then we 
obtain, by Theorem [31 that |E| 4ir(g(Yl) — 1) since R g ^ —2 and E has 
genus equal to 5(E). On the other hand, we have \dn^\ = 4tt(#(E) - 1) 
because dS}^ is isometric to (E, gs)- From this, we get |E| = 47r(p(E) — 1). 
Now, if E is a boundary component of O, then we have that E is a minimal 
surface because E is area-minimizing and, by hypothesis, has nonnegative 
mean curvature. This implies, using Theorem [31 that |E| 47r(g(E) — 1). 
Again we conclude that |S| = 47r(g(E) — 1). It follows from the previous 
arguments that we can suppose E = . 

By the proof of the rigidity in Theorem O we have that there exists 
e > such that the normal exponential map / : [0, e) x E — > £1 defined by 
f(t,x) = exp x (tv(x)), where v is the inward normal vector, is an injective 
local isometry. 

Define I = sup{i > : f(t,x) = exp x (ti/(x)) is defined on [0, t) x E 
and is an injective local isometry}. Since f2 is complete, we have that the 
normal geodesies to E extend to t = I. Thus, / is defined on [0,/] x E. By 
continuity and the definition of I, we obtain that / : [0,1] x E — > O is a 
local isometry. In particular, by continuity, the immersion / : E/ — > Q is 
totally geodesic, where S; = {!} x E. 

Using again the maximum principle, we obtain that either /(S/) is a 
boundary component of Q, different from E because of the injectivity of / 
on [0,/) x E, or /(Ej) is in the interior of f2. 

Suppose /(Ej) is a boundary component of S7. Since / is a local isometry 

- df - 

on [0, 1] x E, we have ~q^v , i x ) ls a urn t normal vector to Ej. It follows from 

this that / : E/ — > Q is injective because E; is a boundary component 
of fi. Thus, / : [0, 1] x E — > O, is an injective local isometry. Since O 
is connected, we obtain /([0, 1] x E) = 0. Therefore, we have that Q is 
isometric to [0,/] x E. 

Let us analyze the case where /(E;) is in the interior of O,. First, we 
have that / : E; — > f2 cannot be injective. In fact, suppose / : E^ — > O, 
is injective. Thus, by the rigidity in the Theorem O there exists e > such 
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that / : [0, 1 + e) — > $7 is an injective local isometry which is a contradiction 

because of the maximality of /. Therefore, there exist x,y £ T,x ^ y, such 

that f(l,x) = f(l,y). We have Df(l,x)(T%) = Df(l,y)(T%), since other- 

— df df 

wise / would not be injective on [0, I) x T. This implies — (I, x) = — — (I, y). 

_ at at 

Thus, since / : S; — > f2 is totally geodesic, there exist neighborhoods of x 
and y in Tii, respectively, such that the images by / of these neighborhoods 
coincide. We conclude that Ti = f(T[) is a one-sided embedded compact 
surface in Q. But, this is a contradiction because, by hypothesis, Q does not 
contain any one-sided embedded compact surface. This concludes the proof 
of Theorem [5j 
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